Abstract Given a non-positively curved 2-complex with a circle-valued Morse function satisfying some extra combinatorial conditions, we describe how to locally isometrically embed this in a larger non-positively curved 2-complex with free-by-cyclic fundamental group. This embedding procedure is used to produce examples of CAT (0) free-by-cyclic groups that contain closed hyperbolic surface subgroups with polynomial distortion of arbitrary degree. We also produce examples of CAT(0) hyperbolic free-by-cyclic groups that contain closed hyperbolic surface subgroups that are exponentially distorted.
Introduction
We introduce a technique for constructing non-positively curved 2-complexes with free-by-cyclic fundamental groups. As an application, we have a series of existence results concerning closed hyperbolic surface subgroups in free-by-cyclic groups.
It is an open question as to whether every hyperbolic free-by-cyclic group contains a closed hyperbolic surface subgroup. Theorem 1.1 below can be viewed as a positive answer to the much more basic question: do there exist hyperbolic free-by-cyclic groups that contain closed hyperbolic surface subgroups? Theorem 1.1 (Quasi-convex surface subgroups) There exist hyperbolic free-by-cyclic groups containing quasi-convex closed hyperbolic surface subgroups.
The following two theorems show that the distortion of closed hyperbolic surface subgroups in CAT(0) free-by-cyclic groups can be as varied as the distortion of free subgroups. We produce examples where the distortion is polynomial of arbitrary degree, or exponential. In fact, the proofs given here rely on the fact that there are CAT(0) free-by-cyclic groups whose free kernels have the appropriate distortion function. Theorem 1.2 (Polynomially distorted surface subgroups) For each integer n ≥ 2, there exists a CAT(0) free-by-cyclic group containing the fundamental group of a closed hyperbolic surface that has polynomial distortion of degree n.
In the exponential distortion case, we show that with quite a bit of extra care, one can require that the ambient free-by-cyclic group be hyperbolic. The basic examples of hyperbolic groups that contain exponentially distorted, closed, hyperbolic surface subgroups are the fundamental groups of closed, hyperbolic 3-manifolds that fiber over the circle. Theorem 1.3 shows that one can find hyperbolic groups of cohomological dimension 2 containing exponentially distorted closed surface subgroups, and that, in particular, one can make the ambient hyperbolic group be free-by-cyclic.
In all three theorems, the groups in question are fundamental groups of non-positively curved squared 2-complexes.
The paper is organized as follows. In Theorem 2.8 of Sect. 2 we establish a criterion for when a non-positively curved 2-complex can be locally isometrically embedded in a larger non-positively curved 2-complex with free-by-cyclic fundamental group. The local isometric embedding ensures that the fundamental group of the original 2-complex embeds into the free-by-cyclic group. This is the basic way that we shall produce closed surface groups inside free-by-cyclic groups, but the technical difficulties in each section increase as we require more conditions either on the distortion of the surface group, or on the curvature of the ambient free-by-cyclic group, or both.
In Sect. 3 we apply this technique to a squared structure on a genus 2 surface to obtain a linearly distorted, or quasi-convex, subgroup of a hyperbolic freeby-cyclic group. The hyperbolicity is ensured by a careful application of the techniques used to prove Theorem 2.8 in Sect. 2. In Sect. 4, we take a CAT(0) amalgamation of (1) a free-by-cyclic group with polynomially distorted free subgroup and (2) a closed surface group, amalgamating along the free subgroup. This produces a closed surface group with polynomial distortion inside a 2-dimensional CAT(0) group. We then embed this into a CAT(0) free-by-cyclic group by the methods of Theorem 2.8. In Sect. 5, we proceed as in Sect. 4, but this time starting with the amalgam of a surface group and a hyperbolic free-by-cyclic group, and proceed carefully as in Sect. 3 in order to end with an ambient hyperbolic freeby-cyclic group. Finally, in Sect. 6 we pose questions that are related to these ideas and constructions.
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